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Abstract
Taking [1] as an inspiration, we study the intrinsic torsion of a SU(2) structure manifold in
six dimensions to give a formula for the Ricci scalar in terms of torsion classes. The derivation is
founded on the SU(3) result coming from the aforementioned paper.
Introduction
Generalized geometry [2, 3] showed the need to understand better SU(3)×SU(3) manifolds and in
particular SU(2) manifolds. Some early works [4–9] looked into the matter of compactification on
these manifolds. The Ricci scalar of the internal manifold can give precious insights on a particular
solution, for example on the presence of sources. Thus, a better understanding of the Ricci scalar is
important and in particular its expression in terms of the SU(2) torsion classes in six dimensions (it
has already been done for five dimensional manifolds [10]).
This work has been inspired by [1] where the authors give the expression of the Ricci scalar in
terms of the SU(3) structure torsion classes on six dimensional manifold. Then we do something
similar in spirit to what was done in [11] namely using the SU(3) result to derive the SU(2) result.
In section 1, we review briefly six dimensional manifolds with SU(3) and SU(2) structure. After
expressing the SU(3) torsion classes in terms of the SU(2) torsion classes in section 2, we use one of
the formulas of [1] to express the Ricci scalar in section 3.
1 Review of SU(3) and SU(2) structures
1.1 SU(3) structure
A six dimensional manifold is said to be of SU(3) structure if it admits a globally defined real two-form
J and a globally defined complex decomposable three-form Ω verifying :
J ∧ Ω =0 J ∧ J ∧ J =
3i
4
Ω ∧ Ω (1.1)
We can quantify the failure of these forms to be closed using the following torsion classes :
dJ =3/2 Im(W¯1Ω) +W4 ∧ J +W3 (1.2)
dΩ =W1J
2 +W2 ∧ J + W¯5 ∧ Ω (1.3)
with W1 a complex scalar, W2 a complex primitive (ie. J ∧J ∧W2 = 0) (1,1) form, W3 a real primitive
(ie. J ∧W3 = 0) (2,1)+(1,2) form, W4 a real one form and W5 a complex (1,0) form. Constraints
on these torsion classes put constraints on the manifold itself. For example, if all the torsion classes
vanish, the manifold is Calabi-Yau. If W1 =W2 = 0, then the manifold is complex etc.
1.2 SU(2) structure
A six-dimensional manifold is said to be of SU(2) structure if it admits a globally defined complex
one-form K = K1 + iK2, a real two form j and a complex two form ω verifying :
ιKK =0 ιKK =2 (1.4)
j ∧ ω =0 ιKj = ιKω =0 j ∧ j =
1
2
ω ∧ ω (1.5)
One can then define a triplet of real two forms Ja with J1 = j, J2 = Re(ω) and J3 = Im(ω). This
triplet verifies :
ιKK =0 ιKK =2 (1.6)
ιKJ
a =0 Ja ∧ Jb =δab J
1 ∧ J1 (1.7)
As in the SU(3) structure case, one can define torsion classes as follows1 :
dKi =miaJ
a +mi0K
1 ∧K2 + µ˜ij ∧K
j + µi (1.8)
dJa =n0iK
i ∧ Ja + ǫabcnbiK
i ∧ Jc + νai ∧K
i + ν˜a3 + ν˜
a
1 ∧K
1 ∧K2 (1.9)
mia, m
i
0, n
a
i, n
0
i are 16 real scalars. µ˜
i
j are 4 real one-forms verifying ιKk µ˜
i
j = 0. µ
i, νai are 8
real two-forms verifying : µi ∧ Jb = νai ∧ J
b = 0 and ιKkµ
i = ιKkν
a
i = 0. ν˜
a
3 are 3 real three-forms
verifying ιKk ν˜
a
3 = 0 (and thus ν˜
a
3 ∧ J
b = 0). Finally ν˜a1 are three real one-forms verifying ιKk ν˜
a
1 but
they are not independant from one another. Indeed, from considering d(Ja ∧Jb = δab J
1∧J1), one can
see that ν˜21 and ν˜
3
1 can be expressed in terms of ν˜
1
1 . Nevertheless we will continue to use the three ν˜
a
1
in order to simplify the expressions.
To summarize the independant real torsion classes are : 16 scalars, 5 one-forms, 8 two-forms and
3 three-forms.
2 Going from SU(2) to SU(3)
From a SU(2) structure, one can define a family of SU(3) structure. Let R be a SO(3) matrix and
define2 jc = R
1
aJ
a and ωc = (R
2
a + iR
3
a)J
a. Then Jˆ = jc +K
1 ∧K2 and Ωˆ = K ∧ ωc define a SU(3)
structure. By computing dJˆ and dΩˆ using (1.8) and (1.9) and comparing with (1.2) and (1.3), one
obtains the expressions of the SU(3) torsion classes in terms of the SU(2) torsions classes :
W1 =
1
3
∑
a
Ca(m
+
a + n
a
+) (2.1)
W2 =
1
2
∑
a
Ca
[
2(2m+a − n
a
+)(
jc − 2K
1 ∧K2
3
) + 2iνa+ + ∗(ν˜
a
3 ∧K)− νˆ
a ∧K
]
+
1
2
∑
i,j
(δij − iǫij) ∗ (µ˜
+
i ∧K
j ∧ ωc) (2.2)
1stricto sensu, the torsion classes should be defined with respect to j and ω rather than the Ja but the expressions
are simpler and more ”covariant” using the Ja
2Note that jc and ωc together with K define a SU(2) structure.
W3 =
1
2
∑
a,b,c,j
ǫabc(m
j
b − n
b
j)R
1
cK
j ∧ Ja −
1
2
∑
a,b,j,k
ǫjk(R
1
aR
1
b − δab)(m
j
b − n
b
j)K
k ∧ Ja
−
∑
j,k
ǫjkK
j ∧ µk +
∑
j,a
R1aK
j ∧ νaj −
1
6
∑
a
ν˜a1 ∧ J
a +
1
2
∑
a
R1aK
1 ∧K2 ∧ ν˜a1
+
1
2
(K1 ∧K2 − jc) ∧
∑
i
µ˜ii +
1
2
∑
a
R1aν˜
a
3 +
1
2
∑
a
R1aνˆ
a ∧K1 ∧K2 (2.3)
W4 =
∑
j
n0jK
j +
∑
j,k,a
ǫjkm
j
aR
1
aK
k +
1
2
∑
a
R1aν˜
a
1 +
1
2
∑
i
µ˜ii −
1
2
∑
a
R1aνˆ
a (2.4)
W5 =
K
2
(n0− + im
−
0 − iR
1
an
a
−) +
1
4
∑
i,j
(δij + iǫij)
[
µ˜ij + i ∗
(
µ˜ij ∧K
1 ∧K2 ∧ jc
)]
−
1
4
∑
a
Ca ∗ [(∗ν˜
a
3 ) ∧ ωc] (2.5)
with Ca = R
2
a + iR
3
a, φ1 + iφ2 = φ+, φ1 − iφ2 = φ−, νˆ
a = ∗ [(∗ν˜a3 ) ∧ jc].
3 Ricci scalar
In [1], the authors gave the expression of the Ricci scalar in terms of the SU(3) torsion classes3 :
R6 =
15
2
|W1|
2 −
1
2
|W2|
2 −
1
2
|W3|
2 − |W4|
2 + 4δW5R + 2δW4 + 8 < W4,W5R > (3.1)
Thanks to our expressions of the SU(3) torsion classes in terms of the SU(2) torsion classes (2.1)-
(2.5), we can give the Ricci scalar in terms of the SU(2) torsion classes :
R6 =−
∑
a,i
(mia)
2 + 3
∑
i
(n0i)
2 + 4
∑
i,j
ǫijn
0
im
j
0 + 4
∑
a,i
mian
a
i −
1
2
∑
i
|µi|2 −
1
2
∑
a,i
|νai|
2 (3.2)
−
1
2
∑
i,j,k,l
(ǫikǫjl + ǫilǫjk) ∗ (µ˜
i
j ∧ ∗(µ˜
k
l))−
1
6
∑
a
|ν˜a1 |
2 −
3
2
∑
a
|ν˜a3 |
2 −
∑
a,i
∗
[
µ˜ii ∧ (∗ν˜
a
3 ) ∧ J
a
]
+
1
3
∑
i,j,a
∗
[
(∗µ˜ij) ∧ ∗
(
ν˜a1 ∧ J
a ∧Ki ∧Kj
)]
+
1
2
∑
a,b
(1− δab ) ∗
[
∗ ((∗ν˜a3 ) ∧ J
a) ∧ (∗ν˜b3) ∧ J
b
]
− 2
∑
i,j
ǫijδ(m
i
0K
j) + 4
∑
i
δ(n0iK
i) + 2
∑
i
δ(µ˜ii)−
∑
a
∗
(
(δν˜a3 ) ∧ J
a ∧K1 ∧K2
)
+
∑
a
R1a

δ(ν˜a1 )− ∑
b,c,i,j
ǫabcǫij(2m
i
b + n
b
i)n
c
j +
∑
i,j
ǫij(2m
i
a + 4n
a
i)n
0
j − 4
∑
i
miam
i
0
+
1
2
∑
b,c,i,j
ǫabcǫij ∗ (ν
b
i ∧ ∗ν
c
j) +
∑
i,j
ǫij ∗ (ν
a
i ∧ ∗µ
j) +
∑
i,j
∗(µ˜ij ∧ ν˜
a
3 ∧K
i ∧Kj)
−
∑
i,j,k
∗
[
µ˜ij ∧ µ˜
i
k ∧K
j ∧Kk ∧ Ja
]
+ 2
∑
i,j
ǫijδ((m
i
a + n
a
i)K
j)
−
∑
b
∗
[(
ν˜a1 ∧ (∗ν˜
b
3)−
1
3
ν˜b1 ∧ (∗ν˜
a
3 )
)
∧ Jb
]
−
∑
i,j
δ[∗(µ˜i j ∧K
i ∧Kj ∧ Ja)]


3For two forms, ω1 and ω2, one defines < ω1, ω2 >= ∗[∗(ω1)∧ ω2] and |ω1|
2 =< ω1, ω1 >, the codifferential is defined
as δω1 = ∗(d(∗ω1))
The curvature of the manifold doesn’t depend on the specific SU(2) structure we choose and so
shouldn’t depend on the matrix R. To solve this puzzle, one has to remember that nowhere we
requested that d2 = 0 on the forms defining the SU(2) structure. And indeed, one can show :
R6|R1a part = ∗
∑
a
R1a

1
2
∑
b,c
ǫa,b,cd(d(J
b)) ∧ Jc −
∑
i
d(d(Ki)) ∧Ki ∧ Ja

 = 0 (3.3)
so that the Ricci scalar is independent of the matrix R.
Conclusion
Using the link between SU(3) and SU(2) structures, we were able to express the Ricci scalar in terms
of the SU(2) structure torsion classes. Unfortunately, applying the same technique to the Ricci tensor
has been unfruitful so far but is still under investigation. Another way to derive this formula could
have been to use the result of [12] where they give the expression of the Ricci scalar in term of the
pure spinors4. Indeed, one could have expressed the pure spinors in terms of the SU(2)-forms and
derived the result.
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